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Abstract

The simplest non-trivial solutions of WDVV equations are An-and Bn-potentials, which de-
scribe metrics of Saito on spaces of versal deformation of An-and Bn-singularities. These are
some polynomials, which were known for n ≤ 4. In this paper, we find the potentials for all
An-and Bn-singularities. We give a recurrence formula for coefficients of KP and n-KdV hierarchy.
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1. Introduction

WDVV equations appeared in papers of Witten [9], Dijkgraaf et al. [5] as equations for
primary free energy of two-dimensional topological field theory. The simplest non-trivial
solutions of WDVV equations are An-and Bn-potentials, which describe metrics of Saito
on spaces of versal deformation of An-and Bn-singularities. According to Witten [10], the
coefficients of An-potentials are intersection numbers of Mumford–Morita–Miller classes
of a moduli space of spheres with punctures and n-spin structures.

The An-potential has the following description [1]. Let us consider the space of poly-
nomials Mn = {zn+1 + a1z

n−1 + · · · + an|ai ∈ C}. The tangent space Tp of the point
p = p(z) ∈ M is a set of polynomials Qn = {b1z

n−1 + · · · + bn|bi ∈ C}. On Tp define a
structure of a Frobenius algebra, considering that v1∗v2 = v1 ·v2 (mod dp/dz) is multiplica-
tion of the algebra and g(v1, v2) = Resz=∞(v1 ·v2)/(dp/dz) is its scalar product. Then Mn
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is a Frobenius manifold. It has the flat coordinates (t1, . . . , tn) such that g(∂/∂ti , ∂/∂tj ) =
δi+j,n+1 and E(ti) = ((n + 2 − i)/(n + 2))t i , where the vector field E is given by
E = ∑n

k=1((k+1)/(n+1))ak(∂/∂ak) in coordinates {a1, . . . , an}. Moreover, there exists
a polynomial F such that (∂/∂t i) ∗ (∂/∂tj ) = ∑n

k=1(∂
3F/∂ti∂tj ∂tn+1−k)(∂/∂tk). This

polynomial is called An-potential.
According to [5], An-potential is the string solution of n-KdV (Gelfand–Dikii) hierar-

chy. According to [6], An-potential is the string solution of dispersionless (quasi-classical)
limit of n-KdV hierarchy. The coincidence of these solutions follows directly from our
representation of An-potential. Moreover, we give recurrence formulas for calculation of
all these polynomials. Hitherto An-potential was known only for n ≤ 4 [1,2,10]. We also
give recurrence formulas for coefficients of KP and n-KdV hierarchy. Results of Zuber [11]
give a reduction of Bn-potentials to An-potentials.

We formulate the main result of the paper in Section 2. In Section 3, we prove auxiliary
combinatorial lemma. It is used in Section 4 for representation of KP hierarchy as an equation
on a Baker–Akhiezer function. We use a representation of the Baker–Akhiezer function by
τ -function and describe KP hierarchy as an infinite system of differential equations on
v = −log τ in Section 5. We give an analogue of this representation for n-KdV hierarchy
in Section 6. Using this representation we prove the main theorem in Section 7.

2. Main theorems

For calculation of the An−1-potential, we use combinatorial coefficients Pn(i1 · · · im),
where n and sj are natural numbers. Define

Pn(i) = n, Pn(s1 · · · sm) = Cm
n −

m−1∑
q=1

Pn(s1 · · · sq)Cm−q

n−q−(s1+···+sq )
,

where

0! = 1, Ct
p = p!

t!(p − t)!
for p ≥ t ≥ 0 and Ct

p = 0 in other cases.

Let us assume x0 = 0. For q > 0, we recursively define polynomials x−q(x1, . . . , xn−1)

putting

x−q = −1

n

∞∑
m=2

∑
Pn(s1 · · · sm)xn−s1 · · · xn−sm,

where the second sum is taken over all natural numbers (s1, . . . , sm) such that
∑m

i=1si =
q + n + 1 − m.

This polynomial has the form

x−q =
∞∑

m=1

∑
Bqi1···imxi1 · · · xim,

where Bqi1,... ,im are constants and the second sum is taken over numbers (i1, . . . , im) such
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that 1 ≤ i1 ≤ · · · ≤ im ≤ n − 1. Define

Ai1···im = − 1

i1p
Bi1···im,

where p is the number of j such that ij = i1. Consider

FA =
∞∑

m=3

∑
Ai1···imxi1 · · · xim, FB =

∞∑
m=3

∑
A2i1−1···2im−1xi1 · · · xim,

where the second sum is taken over all 1 ≤ i1 ≤ · · · ≤ im ≤ n − 1.

Theorem 1. The polynomial FA is an An−1-potential. The polynomial FB is a Bn−1-
potential. They satisfy the equations

n−1∑
γ=1

∂3F

∂xα∂xβ∂xγ

∂3F

∂xn−γ ∂xη∂xξ

=
n−1∑
γ=1

∂3F

∂xξ ∂xβ∂xγ

∂3F

∂xn−γ ∂xη∂xα
(α, β, η, ξ = 1, . . . , n − 1),

∂3F

∂x1∂xα∂xβ
= δα+β,n,

n−1∑
j=1

di
∂F

∂xi
= dF,

where di = 1 + (1 − i)/n, d = 2 + 2/n for F = FA and di = 1 + (1 − i)/(n − 1),
d = 2 + 1/(n − 1) for F = FB .

3. Combinatorial lemma

For natural s, i1, . . . , in and integer non-negative j1, . . . , jn we define

Ps

(
i1 · · · in

j1 · · · jn

)

by the recurrence formula:

(1) Ps

(
i1 · · · in

0 · · · 0

)
= 0,

(2) Ps

(
i

j

)
= C

j
s for j > 0,

(3) Ps

(
i1 · · · in

j1 · · · jn

)
= 1

n!
C
j1+···+jn
s

(j1 + · · · + jn)!

j1! · · · jn!

−
n−1∑
q=1

Ps

(
i1 · · · iq

j1 · · · jq

)
1

(n − q)!
C
jq+1+···+jn
s−(i1+···+iq+j1+···+jq )

(jq+1 + · · · + jn)!

jq+1! · · · jn!
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for (j1, . . . , jn) = (0, . . . , 0).
Let[

i1 · · · in

j1 · · · jn

]

be the set of all matrices that appear from(
i1 · · · in

j1 · · · jn

)

by permutation of columns. Let∥∥∥∥ i1 · · · in

j1 · · · jn

∥∥∥∥
be the number of such matrices. Define

Ps

[
i1 · · · in

j1 · · · jn

]
=
∑

Ps

(
a1 · · · an

b1 · · · bn

)
,

where the sum is taken by all(
a1 · · · an

b1 · · · bn

)
∈
[
i1 · · · in

j1 · · · jn

]
.

Lemma 1. Let m > 0, k > 0 and jn ≥ 1 for n ≤ m. Then

Ps

[
i1 · · · im im+1 · · · im+k

j1 · · · jm 0 · · · 0

]

=



0 if s ≥ i1+ · · · + im+j1+ · · · +jm,

1

k!

∥∥∥∥ im+1 · · · im+k

0 · · · 0

∥∥∥∥Ps

[
i1 · · · im

j1 · · · jm

]
if s < i1 + · · · + im + j1 + · · · + jm.

Proof. Prove at first the lemma for m = 1 using induction by k. For m = k = 1,

Ps

[
i1 i2

j1 0

]
= Ps

(
i1 i2

j1 0

)
+ Ps

(
i2 i1

0 j1

)

= 1

2
C
j1
s − Ps

(
i1

j1

)
C0
s−(i1+j1)

+ 1

2
C
j1
s − Ps

(
i2

0

)
C0
s−i2

=C
j1
s − C

j1
s C0

s−(i1+j1)
=



0 if s ≥ i1 + j1,

C
j1
s = Ps

[
i1

j1

]
if s < i1 + j1.

To prove the lemma for m = 1, k = N , we assume that it is proved for m = 1, k < N . If
s ≥ i1 + j1, then
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P1

[
i1 i2 · · · ik+1

j1 0 · · · 0

]
= 1

k!
C
j1
s

∥∥∥∥ i2 · · · ik+1

0 · · · 0

∥∥∥∥
−Ps

(
i1

j1

)
C0
s−(i1+j1)

1

k!

∥∥∥∥ i2 · · · ik+1

0 · · · 0

∥∥∥∥ = 0.

If s < i1 + j1, then

P1

[
i1 i2 · · · ik+1

j1 0 · · · 0

]
= 1

k!
C
j1
s

∥∥∥∥ i2 · · · ik+1

0 · · · 0

∥∥∥∥− AC0
s−(i1+j1)

= 1

k!

∥∥∥∥ i2 · · · ik+1

0 · · · 0

∥∥∥∥Ps

[
i1

j1

]
.

Thus the lemma is proved for m = 1.
To prove the lemma for m = N , we assume that it is proved for m < N . Then

Ps

[
i1 · · · im im+1 · · · im+k

j1 · · · jm 0 · · · 0

]

=
∑

(
α1 ··· αm
β1 ··· βm

)
∈
[
i1 ··· im
j1 ··· jm

]
(

1

(m + k)!
Cβ1+···+βm
s

(β1 + · · · + βm)!

β1! · · ·βm!
Ck
m+k

×
∥∥∥∥ im+1 · · · im+k

0 · · · 0

∥∥∥∥−
m∑

q=1

Ps

(
α1 · · · αq

β1 · · · βq

)

× 1

(m + k − q)!
C
βq+1+···+βm
s−(α1+···+αq+β1+···+βq)

× (βq+1 + · · · + βm)!

βq+1! · · ·βm!
Ck
m+k−q

∥∥∥∥ im+1 · · · im+k

0 · · · 0

∥∥∥∥
)

= Ps

[
i1 · · · im

j1 · · · jm

]
1

k!

∥∥∥∥ im+1 · · · im+k

0 · · · 0

∥∥∥∥
−Ps

[
i1 · · · im

j1 · · · jm

]
C0
s−(i1+···+im+j1+···+jm)

1

k!

∥∥∥∥ im+1 · · · im+k

0 · · · 0

∥∥∥∥
=



0 if s ≥ i1 + · · · + im + j1 + · · · + jm,

Ps

[
i1 · · · im

j1 · · · jm

]
1
k!

∥∥∥∥ im+1 · · · im+k

0 · · · 0

∥∥∥∥ if s < i1 + · · · + im + j1 + · · · + jm.

�

4. Equations for Baker–Akhiezer function

Consider the KP hierarchy. This is a condition of compatibility of an infinite system of
differential equations

∂ψ

∂xn
= Lnψ, (1)



328 S.M. Natanzon / Journal of Geometry and Physics 39 (2001) 323–336

where

Ln = ∂n

∂xn1
+

n∑
i=2

Bi
n(x)

∂n−i

∂n−ix1
,

and ψ is a function of the type

ψ(x, k) = exp


 ∞∑

j=1

xj k
j



(

1 +
∞∑
i=1

ξik
−i

)

(here k ∈ Cbelongs to some neighbourhood of ∞ andx = (x1, x2, . . . ) is a finite sequence).
We use the notation

∂i = ∂

∂xi
, ∂ = ∂1.

A direct calculation gives the following lemma.

Lemma 2. Conditions of compatibility of (1) are

Bt
s = −

t−1∑
i=1

Ci
s∂

iξt−i −
t−1∑
j=2

B
j
s

t−j−1∑
i=0

Ci
s−j ∂

iξt−i−j , (2)

∂nξi =
n+i−1∑
j=1

C
j
n∂

j ξi+n−j +
n∑

k=2

Bk
n

n−k∑
j=0

C
j
n−k∂

j ξi+n−j−k. (3)

In this case, ψ is called a Baker–Akhiezer function.
Now consider the function

lnψ(x, k) =
∞∑
j=1

xj k
j +

∞∑
j=1

ηj k
−j ,

where

ξj =
∞∑
n=1

1

n!

∑
i1+···+in=j

ηi1 · · · ηin .

Lemma 3. Let 2 ≤ t ≤ s. Then

Bt
s = −

∞∑
n=1

∑
Ps

(
i1 · · · in

j1 · · · jn

)
∂j1ηi1 · · · ∂jnηin ,

where the second sum is taken over all matrices(
i1 · · · in

j1 · · · jn

)

such that im ≥ 1, jm ≥ 1 and i1 + · · · + in + j1 + · · · + jn = t .
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Proof. By induction on t . For t = 2 according to (2),

B2
s = −s∂ξ1 = −Ps

(
1
1

)
∂η1.

To prove the lemma for t = N assume that it is proved for t < N . According to (2),

Bt
s = −

t−1∑
i=1

Ci
s∂

i


 ∞∑

n=1

1

n!

∑
i1+···+in=t−i

ηi1 · · · ηin




+
t−1∑
j=2


 ∞∑

n=1

∑
i1+···+jn=j

Ps

(
i1 · · · in

j1 · · · jn

)
∂j1ηi1 · · · ∂jnηin




×

t−j−1∑

i=0

Ci
s−j ∂

j


 ∞∑

n=1

1

n!

∑
i1+···+in=t−i−j

ηi1 · · · ηin






= −
∞∑
n=1

∑
 1

n!
C
j1+···+jn
s

(j1 + · · · + jn)!

j1! · · · jn!
−

n−1∑
q=1

Ps

(
i1 · · · iq

j1 · · · jq

)

× 1

(n − q)!
C
jq+1···jn
s−(i1+···+ iq+j1+···+jq )

(jq+1 + · · · + jn)!

jq+1! · · · jn!

)
∂j1ηi1 · · · ∂jnηin

= −
∞∑
n=1

∑
Ps

(
i1 · · · in

j1 · · · jn

)
∂j1ηi1 · · · ∂jnηin ,

where the second sums are taken over all matrices(
i1 · · · in

j1 · · · jn

)

such that i1 + · · · + in + j1 + · · · + jn = t , im ≥ 1, jm ≥ 0. According to Lemma 1, it is
possible to consider the last sum with jm > 0 for all m. �

Lemma 4.

∂sηr =
∞∑
n=1

∑
Ps

(
i1 · · · in

j1 · · · jn

)
∂j1ηi1 · · · ∂jnηin ,

where the second sum is taken by all matrices(
i1 · · · in

j1 · · · jn

)

such that im ≥ 1, jm ≥ 1 and i1 + · · · + in + j1 + · · · + jn = r + s.
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Proof. By induction on r . According to (3) and Lemma 3 for r = 1

∂sη1 = ∂sξ1 =
∞∑
j=1

C
j
s ∂

j ξs+1−j +
s∑

k=2

Bk
s

s−k∑
j=0

C
j
s−k∂

j ξ1+s−j−k

=
s∑

j=1

C
j
s ∂

j ξs+1−j −
∞∑
k=2


 ∞∑

n=1

∑
i1+···+jn=k

Ps

(
i1 · · · in

j1 · · · jn

)
∂j1ηi1 · · · ∂jnηin




×

s−k∑

j=0

C
j
s−k∂

j ξ1+s−j−k




=
∞∑
n=1

∑
Ps

(
i1 · · · in

j1 · · · jn

)
∂j1ηi1 · · · ∂jnηin ,

where the second sum in the last formula is taken over all matrices(
i1 · · · in

j1 · · · jn

)

such that i1 + · · · + in + j1 + · · · + jn = s + 1, im ≥ 1, jm ≥ 0. According to Lemma 1,
in this sum it is sufficient to consider only matrices where jm > 0 for all m.

Now to prove the lemma for r = N , we assume that it is proved for r < N . According
to (3)

∂s


 ∞∑

n=1

1

n!

∑
i1+···+in=r

ηi1 · · · ηin


=

s+r−1∑
j=1

C
j
s ∂

j ξs+r−j +
∞∑
k=2

Bk
s

s−k∑
j=0

C
j
s−k∂

j ξr+s−j−k.

Thus according to Lemma 3, Lemma 1 and inductive hypothesis,

∂sηr =
∞∑
j=1

C
j
s ∂

j


 ∞∑

n=1

1

n!

∑
i1+···+in=s+r−j

ηi1 · · · ηin




+
∞∑
k=2


 ∑

i1+···+jn=k

Ps

(
i1 · · · in

j1 · · · jn

)
∂j1ηi1 · · · ∂jnηin


 s−k∑

j=0

C
j
s−k∂

j

×

 ∞∑

n=1

1

n!

∑
i1+···+in=r+s−j−k

ηi1 · · · ηin


− ∂s


 ∞∑

n=2

1

n!

∑
i1+···+in=r

ηi1 · · · ηin




=
∞∑
n=1

∑
Ps

(
i1 · · · in

j1 · · · jn

)
∂j1ηi1 · · · ∂jnηin

where the second sum in the last formula is taken over all matrices(
i1 · · · in

j1 · · · jn

)

such that i1 + · · · + in + j1 + · · · + jn = s + r , im ≥ 1, jm ≥ 1. �
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5. KP hierarchy

According to [3], the Baker–Akhiezer function ψ is

ψ(x, k) = exp
(∑

xj k
j
) τ(x1 − k−1, x2 − 1

2k
−2, x3 − 1

3k
−3, . . . )

τ (x1, x2, x3, . . . )

for some function τ(x1, x2, . . . ). This gives a possibility to describe the KP hierarchy as an
infinite system of differential equations on v(x, k) = − ln τ(x, k) (see [7]). Indeed,

∞∑
j=1

ηj k
−j = lnψ(x, k) −

∞∑
j=1

xj k
j = −v

(
x1 − k−1, x2 − 1

2
k−2, . . .

)
+ v(x)

=
∞∑
n=1

∑
i1+···+in=j

(−1)n+1

n!i1 · · · in ∂i1 · · · ∂inv(x)k−j .

Therefore,

ηr =
∞∑
n=1

∑
i1+···+in=r

(−1)n+1

n!i1 · · · in ∂i1 · · · ∂inv. (4)

Theorem 2. There exist universal rational coefficients

Rr

(
s1 · · · sn

t1 · · · tn

)
, Rij

(
s1 · · · sn

t1 · · · tn

)

such that

ηr = 1

r
∂rv +

∞∑
n=1

∑
Rr

(
s1 · · · sn

t1 · · · tn

)
∂s1∂

t1v · · · ∂sn∂tnv, (5)

∂i∂j v =
∞∑
n=1

∑
Rij

(
s1 · · · sn

t1 · · · tn

)
∂s1∂

t1v · · · ∂sn∂tnv, (6)

where the second sums are taken over all matrices(
s1 · · · sn

t1 · · · tn

)

such that sm, tm ≥ 1, and the sum s1 + · · · + sn + t1 + · · · + tn is equal to r for (5) and
i + j for (6). Moreover,

Rij

(
s1 · · · sn

1 · · · 1

)
= j

s1 · · · sn Pi(s1 · · · sn).

Proof. By induction on k and i + j . For i + j = 2, the theorem is obvious. For r = 1,
it follows from (4). To prove the theorem for i + j = N and r = N − 1, assume that
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it is proved for i + j < N and r < N − 1. Later we consider that sm, tm ≥ 1 and
σn = s1 + · · · + sn + t1 + · · · + tn. Then according to (4) and (6)

ηr = 1

r
∂rv +

∞∑
n=2

∑
s1+···+sn=r

(−1)n+1

n!s1 · · · sn ∂s1 · · · ∂snv(x)

= 1

r
∂rv +

∞∑
n=1

∑
σn=r

Rr

(
s1 · · · sn

t1 · · · tn

)
∂s1∂

t1v · · · ∂sn∂tnv.

Thus according to (5) and (6) and Lemma 4

1

j
∂i∂j v = ∂iηj − ∂i


 ∞∑

n=1

∑
σn=j

Rj

(
s1 · · · sn

t1 · · · tn

)
∂s1∂

t1v · · · ∂sn∂tnv



=
∞∑
n=1

∑
σn=i+j

Pi

(
s1 · · · sn

t1 · · · tn

)
∂t1ηs1 · · · ∂tnηsn

−∂i


 ∞∑

n=1

∑
σn=j

Rj

(
s1 · · · sn

t1 · · · tn

)
∂t1∂s1v · · · ∂tn∂snv




=
∞∑
n=1

∑
s1+···+sn+n=i+j

Pi

(
s1 · · · sn

1 · · · 1

)
∂

(
1

s1
∂s1v

)
· · · ∂

(
1

sn
∂snv

)

+
∞∑
n=1

∑
σn=i+j,t1+···+tn>n

Rij

(
s1 · · · sn

t1 · · · tn

)
∂s1∂

t1v · · · ∂sn∂tnv.

The obvious relation

Pi

(
s1 · · · sn

1 · · · 1

)
= Pi(s1 · · · sn)

concludes the proof. �

Consequence 1. The system (6) is equivalent to KP hierarchy.

Remark. The first equation from (6) is the “integrated over x1” KP equation

∂2
2v = 4

3∂3∂1v − 1
3∂

4
1v + 2(∂2

1v)
2.

Relation (6) was first deduced in [4] from the Hirota hierarchy [3]. This method produces
other formulas for coefficients Rij. The equality of coefficients provides non-trivial combi-
natorial identities.

Remark. From the consequence, it follows that any formal solution of KP hierarchy is
defined up to a constant by an arbitrary infinite set of series of one variable fi(x1) =
∂iv|x2=x3=···=0(i = 1, 2, . . . ).



S.M. Natanzon / Journal of Geometry and Physics 39 (2001) 323–336 333

6. Gelfand–Dikii hierarchy

According to [8], the set of solution of n-Gelfand–Dikii (n-KdV) hierarchy bijectively
corresponds to the set of solutions of KP hierarchy independent from xn. In this case
according to Theorem 2

0 = ∂m∂nv = mn

m + n − 1
∂n+m−1∂v

+
∞∑

m=1

∑
Rmn

(
s1 · · · sm

t1 · · · tm

)
∂s1∂

t1v · · · ∂sm∂tmv, (7)

where 1 ≤ sj ≤ n + m − 2, tj ≥ 1. This gives recurrence formulas expressing ∂k∂v for
k > n via ∂r∂v for r < n. Thus, we have relations

∂∂n+rv =
∞∑

m=1

∑
Nm

1(n+1)

(
s1 · · · sm

t1 · · · tm

)
∂s1∂

t1v · · · ∂sm∂tmv, (8)

where tj ≥ 1, sj < n,
∑m

j=1(sj + tj ) = n + r + 1.

Example. For n = 2, system (8) is reduced to the K∂V hierarchy.

Comparing the systems (6) and (8), we find the following theorem.

Theorem 3. The n-Gelfand–Dikii hierarchy is equivalent to a system of differential equa-
tions of the form

∂i∂j v =
∞∑

m=1

∑
Nm
ij

(
s1 · · · sm

t1 · · · tm

)
∂s1∂

t1v · · · ∂sm∂tmv, (9)

where i, j ≥ 1, 1 ≤ sα ≤ n − 1, tα ≥ 1,
∑m

i=1(sα + tα) = i + j and

Nm
ij

(
s1 · · · sm

t1 · · · tm

)

are some universal rational coefficients.

Example.

1. For n = 3, the first equation from system (9) is the Boussinesq equation

∂2
2v = − 1

3∂
4v + 2(∂2v)2.

2. For n = 4, the first equations of the system (9) are

∂2
2v = 4

3∂3∂v − 1
3∂

4v + 2(∂2v)2, ∂3∂2v = − 3
2∂2∂

3v + 3∂2∂v∂
2v,

∂2
3v = − 1

4∂3∂
3v + 1

8∂
6v + 9

8 (∂2∂v)
2 − 9

8 (∂
3v)2 − 9

4∂
4v∂2v + 3(∂2v)3.
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Remark. The structure of system (9) demonstrates that any formal solutions of n-Gelfand–
Dikii equation is defined up to a constant by an arbitrary set of n − 1 series of one
variable fi(x1) = ∂iv|x2=x3=···=0(i = 1, . . . , n − 1).

According to [6], the dispersionless (quasi-classical) limit of n-Gelfand–Dikii hierarchy
is given by n-Gelfand–Dikii hierarchy without all monomials

Rij

(
s1 · · · sn

t1 · · · tn

)
∂s1∂

t1v · · · ∂sn∂tnv,

where
∑n

i=1 tj > n.
Thus, from Theorem 2 we get the following consequence.

Consequence 2. Dispersionless (quasi-classical) limit of n-Gelfand–Dikii hierarchy is
given by the infinite system

1

j
∂i∂j v =

∞∑
m=1

∑
s1+···+sm=i+j−m

Pi(s1 · · · sm) 1

s1
∂∂s1v · · · 1

sm
∂∂smv, (10)

where i, j = 1, 2, . . . , and the equation ∂nv = 0.

7. Proof of Theorem 1

According to [6], one of the An−1-potentials is

F̃ (x1, . . . , xn−1) = v

(
x1,

x2

2
, . . . ,

xn−1

n − 1
, 0, . . .

)
,

where v satisfies the dispersionless n-Gelfand–Dikii hierarchy.
From Consequence 2, it follows that

0 = ∂0∂nF̃ =
∞∑

m=1

∑
s1+···+sm=0+n−m

Pn(s1 · · · sm)∂∂s1 F̃ · · · ∂∂smF̃

= n∂∂n+0−1F̃ +
∞∑

m=2

∑
s1+···+sm=0+n−m

Pn(s1 · · · sm)∂∂s1 F̃ · · · ∂∂smF̃ .

Thus,

∂∂n+0−1F̃ = −1

n

∞∑
m=2

∑
s1+···+sm=0+n−m

Pn(s1 · · · sm)∂∂s1 F̃ · · · ∂∂smF̃ . (11)

According to [10],

∂∂sF̃ = xn−s , ∂∂n+s F̃ = −s∂sF̃
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for s < n. Thus, because ∂∂nF̃ = 0 and according to (11) we have ∂∂n+0−1F̃ = x1−0 for
all 0. Therefore,

∂sF̃ = −1

s
x−s = ∂sFA,

and FA − F̃ is a linear form. According to [2, p. 16], this form is equal to 0. According to
[11], we have FB(x1, . . . , xn) = FA(x1, 0, x2, 0, . . . , xn−1, 0, xn).

These are the potentials found from our formulas

(A2) F = 1
2x

2
1x2 + 1

24x
4
2 ,

(A3) F = 1
2x

2
1x3 + 1

2x1x
2
2 + 1

4x
2
2x

2
3 + 1

60x
5
3 ,

(A4) F = 1
2x

2
1x4 + x1x2x3 + 1

6x
3
2 + 1

12x
4
3 + 1

2x2x
2
3x4 + 1

4x
2
2x

2
4 + 1

6x
2
3x

3
4 + 1

120x
6
4 ,

(A5) F = 1
2x

2
1x5 + 1

2x
2
2x3 + 1

4x
2
2x

2
5 + x2x3x4x5 + x1x2x4 + 1

6x2x
3
4 + 1

2x1x
2
3

+ 1
2x

2
3x

2
4 + 1

6x
3
3x5 + 1

6x
2
3x

3
5 + 1

2x3x
2
4x

2
5 + 1

6x
4
4x5 + 1

8x
2
4x

4
5 + 1

210x
7
5 ,

(B2) F = 1
2x

2
1x2 + 1

60x
5
2 ,

(B3) F = 1
2x

2
1x3 + 1

2x1x
2
2 + 1

6x
3
2x3 + 1

6x
2
2x

3
3 + 1

210x
7
3 .
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